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ABSTRACT 


A divisor d of a positive integer n is called 
avuntitary divisor or" m "Lf "d" "and? "n7/d, "are: rebatively 
prime. o*(n) represents the sum of the unitary divisors 
OL fie. one isecalledsunitarymperrect. if o%(n) i= 2n % 

a a fe) 


me 1 2 r 
Let N=2 p p 2s. Dy be unitary perfect. Known 


results concerning all possible values of N _ for certain 


fixed values of m and r _ have been verified independently 


and extended to prove that 6, 60, 90, and 87360 are the 
Oniy unitary perfect numbers, N , such)'that m< 1] or 
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CHAPTER I INTRODUCTION 


The Fundamental Theorem of Arithmetic states that 
every positive integer n greater than 1 can be uniquely 


represented as follows 


(1.4) n=p p howe 


where r_ and ot Ses fy sare positive antegers: and 
each P, > ln<od <r Saishapprime number isuchithat 

Bi < B ST RAR Coa pws The right hand side of equation 
(1.1) is sometimes called the standard form (of the prime 
factorization) of ni". 

An arithmetic function is any complex-valued 
function that has as its domain the set of positive integers. 
The arithmetic functions of interest in number theory are 
those which are in a simple way dependent upon the standard 


form of n.. An example of this type of function is o(n) 


which represents the sum of the divisors of n, i.e., 


o(n) = i. d . 
d|n 


Definition 1. Two positive integers n and m 
are relatively prime if their greatest common divisor is l, 


i.e., (m,n) =1. 
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Definition 2. An arithmetic function f is called 


multiplicative if f(mn) = f(m)f(nm) whenever (m,n) = 1. 


It is easily seen that if the value of a multi- 
plicative function is known for pe for all primes p 
and all positive integers oa , the value of the function 
is then uniquely defined for all positive integers n. 


The following theorem is well known. 


Theorem 1. The function o is multiplicative 


and if 
a a a 
n=p I p ao ep : 
1 2 r 
then 
Qa 
a(n) = (L+p +p? + .+p Sie ACD Dap sities feito 
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We give a proof for completeness. Clearly 
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Fundamental Theorem of Arithmetic the product of a divisor 
of m anda divisor of n is a divisor of mn , and every 


divisor of mn can be represented as the product of a divisor 


of m anda divisor of n. Therefore o is multiplicative 
and if 

a a fe} 

at= piel pa 82... as p+ 
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Definition 3. A divisor d of a positive integer 


m1 fas called a‘“mitaryedivisor of -n-<1f >(djn/d) = 2; 


Definition 4. o%*(n) represents the sum of 


the unitary divisors of %n 9, i.e... 


o*(n) = > ave. 


d|n 


(d,n/d)=1 


Theorem 2. The function o* is multiplicative 


and if 


then 


pe(n) = (1 +p, ay etapa ee 


TORRES 5 / Bb aramerny He 
Wtevs baz) au ae 4 
sorEVeb 5-29 Sharan 
ot am rue aa 


srt skoHinttle 
war” » 
at) saytaiait.. 6 Wom 
_~ : - : 
~S rt | i 7 
fi) 
5 - A 
G ere £ : : | 
7 av an 


a ® 
ae vate tee ; 
aa | Mi #2) *.< ai | 
tee * 8m + | 
f Fie vn 


a 
sartek seta 8 Bos *aiuL. 
i ee ae 
® Cirle} 
a8 ta hs aN gana nian 
5 | 


1 


Proof. o* is multiplicative by the same argument 
used to prove that o is multiplicative. Clearly 


o* (p*) =l]+ pe - The theorem follows. 


Definition 5. A positive integer n is called 
periect if 1t isvequal to the sum of its proper divisors, 
ete Sue tty ee perfect if .9(n) =U 2h, 20 
Pe ey So ae aan gee 


It has been known since Euclid's time that if 


n is even and is of the form 
Cie) n = 2P-l(9P - 1) 


with both p and Dara, prime then n is perfect. 


This can easily be proved using Theorem 1, since 
-1 
of) = o(2?)o(2® = 1y = (2? -11)(2F) = 2n . 


Euler also proved the converse result that all 
even perfect numbers must be of form (1.2) . 

Primes of the form 2P -1 where p is a prime 
are called Mersenne primes. As was stated above, the 
problem of finding even perfect numbers is equivalent 
to that of finding Mersenne primes. The only primes p 
for p < 20000 which give corresponding Mersenne primes 
BCSE2ER38E5 27.15% 175 e19t Sise6l, 89,-107, 127, 521, 


607, 1279, 2203, 2281, 3217, 4253, 4423, 9689, 9941, 
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11213, and 19937 . [6] It is not known if there are 
infinitely many of these primes and therefore it is 
not known if there are infinitely many even perfect 
numbers. It is not known if there are any odd perfect 


numbers. 


Definition 6. A positive integer n is called unitary 


perfect if the sum of its unitary divisors is equal to 2n. 


It is trivial to prove that there are no odd 
unitary perfect numbers. 


We note the following: 


The only number that is both perfect and unitary 


perfect is 6. 


O, fo} 0. 
Proof.yeLet (nis p l p Cote ols piuthebeaboth 
iad i 


1 Pa 
perfect and unitary perfect. Then 
a a a, Ot 
+p 1)...(itp. ™) = (ltp +... tp (lip t+... + 
(1 P, jc tae Dae P, Ee ).6 iD Peon? 
which implies that n is square-free. Next, n is even 
because there are no odd unitary perfect numbers. Thus, 
p-1,.P F : j 
n= 2 (2* - 1) because n is perfect. Since n is 


square-free, p = 2 which gives n= 6 as the only 


perfect and unitary perfect number. 


Subbarao and Warren [5] have shown that if 


Qa a a 


m 
2 Da 1 2) Sid oh Py eer Sieg unitary perfect number then 


2 
6, 60, 90, and 87360 are the only unitary perfect numbers 
LOLawnich’. M/<./" “Or, r < > . ‘Subbarao {4] has further 
reported that in an unpublished paper by Cook et al. [1] 
it has been proved that the four unitary perfect numbers 
_ listed above are the only unitary perfect numbers such 
that “m < 10 ofS 4 <86s.,,Atterestudying,e copy<of this 
unpublished paper the author feels that the proofs in 
the paper seem to contain some errors. In Chapter III 
the results of Cook et al. have been verified indepen- 
dently and have been extended to show that the four 
numbers listed are the only unitary perfect numbers 
with m< 11 or r< 6. Also alternate proofs which 
are somewhat simpler than those given by Subbarao and 
Warren [5] are given for the result that 6, 60, 90, and 
87360 are the only unitary perfect numbers such that 
Nos) Ore Tin >). ineChaptersi i we preparesthe back— 
ground for the results of Chapter III. 


Subbarao and Warren [5] have proved the following 


two theorems. 


Theorem 3. Let m _ be a fixed positive integer. 
There are at most a finite number of unitary perfect 


numbers N_ such that 2: tisea unitary divisor of N. 
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Theorem 4. There are at most a finite number of 


unitary perfect numbers with a fixed number of primes. 


It has been conjectured by Subbarao and Warren [4,5] 
that there are only finitely many unitary perfect numbers. 
Wall [8] has discovered a fifth unitary perfect 


number, 
218.3654. 7+11°13°19*37°79*109*157°313 


and has proved that this number is indeed the next unitary 
perfect number after 87360 . Wall [7] has conjectured 


that there are infinitely many unitary perfect numbers. 


Lydd orn bts osera 16d: iets, ihe 
pains spears ae fi vided 


novi ware sien . gira nad pa 
: ; 


EIEF TEL OO Leh hi OL cpt este *eaE 


ei sxan-uila (bsbh0ot +f tsdoun ae: 


Leaabiits ‘bb et ee 7 
; ia 


ereémas Ase359q Yaa abn Wis 


CHAPTER II PRELIMINARY RESULTS 
Notation 


In this chapter and the next N represents an 
even integer given by N= ayn with ma positive 
integer and n _ an odd positive integer greater than l. 
With each odd integer n there are associated three 
non-negative integers not all zero, represented by the 
letters a, b, and c. The letter a represents the 
number of distinct prime divisors, p , of n_ such 
that p = 1 (mod 4) . The letter b represents the 
number of distinct prime divisors, p , of n_ such that 
p = 3 (mod 4) and p occurs with even exponent. The 
letter c represents the number of distinct prime divisors, 
D>, of -n. suchathat pi=53 (modr4). dad. gp occurs with 
odd exponent. K(a,b,c) denotes the set of all odd 
numbers n associated as defined above with the integers 
A.D, eandncu. tor apprimen pa, p’ || x means that p- 


is<a unitary divisor of x . 
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Some Lemmas 


m 
Byedefinitiom if #Ne=)2. nivissunitaryaperfectithen 


m : OF +1 & 
Ql) +2)0+p 1)...0+p,) = 2 De Ta pah ese 
Therefore, 
(2.2) Cok Sea ae ae 


The following lemmas are used in the proofs of 


the results contained in Chapter III. 


+ 
Lemma 1. f£f(m) = a a + gM, is a monotonically 
increasing function and lim f(m) = 2. 
Irmo 


The proof of Lemma 1 is trivial. 

Lemmas 2 and 3 are results proved by Subbarao and 
Warren in [5]. 

Lemma 2. If N= 2" n is unitary perfect then 

arb baces<eart b+, ic, = mF 1 
i 

where a, b, and c are as defined above and Cc, is the 
mmber ofddistinct divisors;oipe; ofain ‘tsuchethat 
p = 3 (mod 4) , p occurs with an odd exponent, and 
gt tc aiunitary divisor of (ati tip) .Taifatc®=.0° then 


atb=mtl1l. 


aks 3optsan yvet bru, Bb eee ab istataiiet at a 


ie 0 
© a a - j 7 
er eiee = 8 a ra we sianiten ale : 
; es oe aS 
i ; ‘4 tyne etl 


We 
Csit yk (are , | 


Be etousg tis ie: baal S36. oninmal arent 


AZT so0quit ab Sut ues 


2 a. 


eee (at a ant =) eye. 
sae Bee 6 


ddnttas i I "deve i6 pete. 
how anieddot, ys spi aint uf 


10 


Proof. If p =1 (mod 4) then p* =1 (mod 4) 
for any positive integer o . Therefore, 1+ p- = 2 (mod 4) 
which implies that 2|| a + p) 2 Lt Spe 3\(mod 24). then 


Go. 
p = 1 (mod 4) for any even positive integer a. Thus, 


as before, DEC + p-) a Lf p= "37 Giod24)— then 


a 
Pp 


3 (mod 4) for any odd positive integer a. Thus, 
4|(1 +p). In fact, 2*||(1 + p°) if and only if 
2*|| (1 + p) . Thus, in the prime factorization of the 


left hand side of equation (2.1) the exponent of 2 is 


equal to 
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arn D Ds LGy 
ah 


WoiCh. 195 ereater than’or, equal to. a + b + 2c... )sThe 


lemma follows. 


Lemma 3. If N=2' n is unitary perfect with 


and if 3 does not divide n then m and r are even 


integers. 


Proof. Assume that m is odd. Then 


27 + 1 = 0 (mod 3) which implies that 3|n which is a 
: m+1 
contradiction. Therefore, m is even and 2 ="2™(mod:.3). « 
a, a, 
T Pee n: *|n then p.7* = 1 (mod 3) . Therefore, 
i i 
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Lemma 4. Let N= 2"n be unitary perfect. 
Nau if 335 {o7 jeandyl3Svane undtaryrdivisors of eneuthen 
every other unitary divisor of n must be > 64. 
(bjec tt 3.5, 7, and dl sare unitary divisors of n then 
every other unitary divisor of n must be > 384 , 
cc) sift 3 is a unitary divisor of *“n. and* if 5 does not 
divide n then N' = 3*5+2"n is also unitary perfect. 
Cijgeelia) ts 3. unitary divisor of ims and=11.9 sand l3 do not 
divide n then N' = 52-7+13-2"n is also unitary perfect. 
(223) Proof ‘of parts (a) and (b).. Let k= 3°5°7213°64. 
bet ki = 3°5°/*11+384'.” Then *0*(k) /k =s0*(k")/k'"= "2... 
Therefore if there are any unitary divisors p~ OL on 
such that pee < 64 in case (a) and p. < 384 in case (b), 
o*(n)/n > 2. However, by (2.2) and Lemma 1, o*(n)/n < 2 


for any fixed m:.-such that N = ene eS unitary perfect. 


Proot sofrpart s(c)..1- Let “n= Ske) Then 


* +1 m 
Ni 232-502" k .. ‘ot(n)/n-= = = Bee) ee ye aand 
Be (G2E5y)) 25k) St ee = 2 ef 2) Therefore 


3. °K 


N' is unitary perfect. 


Proof of part (d). Let j = 5%-72.13 . Observe 


that o*(j)/j = 8/7 . The proof is similar to that for part (oy. 
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An example of two unitary perfect numbers N_ and 
N' satisfying the conditions of Lemma & part (¢) are 
N= 6 and N' = 90. There are no known unitary perfect 
numbers satisfying the conditions of part (d) of the lemma. 
The following three lemmas are useful in comparing 


the values of o%*(n)/n for various values of n. 


Lemma 5.) 15 


and 


with r> s then o*(n)/n > o*(n')/n' whenever 


B O, B a. B O 
1 1 ~ > hvaes > A 
qd a Pr 3 eo ech EO ry 3 he as ae 


The proof of Lemma 5 is trivial. 


Leama 6s. “Let > = py ps3. DE with each P, 
a prime. If it is required to square k of the prime 
factors of n to obtain another integer, sayn', k<r, 
then the largest value of o*(n')/n' is obtained when the 
lareest “k\ prime factors of the xr prime factors of on 
are squared. 
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The lemma follows easily. 


Lemma 7. (a) Let two positive integers, M and 
M' , have prime factorizations which contain the same number 
of distinct prime factors and such that the unitary prime 


power divisors of M are identical to the unitary prime 


Qa a 
Ss 


power divisors of M' except for two, De and P. 


B 


for M and q ™ and qd, Y- “for M' ‘such that 
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x og nae y' =q pakoslaype Xo 5 Me a yee 


(i) “If m>n then -o*(M)/M > o*(M')/M’ . 
(i425 Eom ne nen o*(M)/M > a (Hy) (ie cS 
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(*) mIA2* -Ainab Alt 1 pe ix Gx 1) ee. 
Ingaddition, if m <n and mJ = LX OF Midge Gor kL) 
then o%(M)/M > o*(M')/M' 

(b) If the prime factorizations of two positive integers, 
K and K' , contain the same number of distinct prime fac- 
tors and if the unitary prime power divisors of K are 


identical to the unitary prime power divisors of K' 
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Ko7n) by definition. Therefore (**) holds if m =n s+ If 


me<n let. L=n-m and J=k-—n . Then -(**) becomes 


mx* + 2m(m + L + J)x + mx +m(m+L+J)2+mm+tL+J) 

> (m + L)x? + 2m(m + L)x + (m + L)x + (m + L)mk + m(m + L) 
which holds if and only if (*) holds. mJ > Lx implies 
(*)) and mJ > x(x +1) “implies (*). Therefore part (a) 


of the lemma is proved. The proof of part (b) is trivial. 


An example of the usefulness of Lemma 7 is the 


following taken from page 62. 
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CHAPTER III. EXAMINATION OF SOME POSSIBLE VALUES OF mo 


AND __r FOR THE UNITARY PERFECT NUMBER 


Statement of Results to be Proved 


Subbarao and Warren [5] proved parts (1) through (8) 
of the following theorem. Cook et al, [1] attempted to add 
parts (9) and (10). As observed in the introduction the 
proofs used by Cook et al. seem to contain some errors. 
Therefore parts (9) and (10) of the theorem have been 


verified independently. 


Theorem 1. Let N= 2™ p pes ets >) Tbe 
a ee ee r 
unitary perfect. 


CL) Af te =v ee then Nv =26". 


i] 
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(2), Tt m= bs, pohen oN 


(3) LE om = 2 oo then N= "602, 


(A) Tt er]. 2), then N=.60-6r-90F, 
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(5) It is not possible for m 


i} 
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(6) It is not possible for r 


(7) If m= 6, then N = 87360. 


(8) If r= 4, then N = 87360. 
(9) “It is not possible for m= 36, 9; or7l0.. 
(10) It is not possible for r=6. 
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Theorem 1 has been extended ity this work to -obtain 


the following theorem. 


Theorem 2. Let N=2"n be unitary perfect. 


fives not possible for m= 11 < 
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General Discussion of Methods of Proof Used 


For convenience in the calculations in the following 
proofs Tables I and II have been prepared. Table I contains 
abl primes |p such wthat” p< 200 and py =:1 (modi4) . It 
also shows for which of these primes p , (1+ pp) is 
divisible by 3. Table II gives the same information for 
Ptimes p = 3.(mod 4) , p < 420 . Table II also gives the 


maximum power of 2 which divides (1 + p) 


Definition 1. For any two positive integers n 
and m, m<* n or n *> m will be used in the following 


to denote the fact that o*(m)/m < o*(n)/n . 


When determining if there are any unitary perfect 
numbers with m=m!' the first step is the following. 

Step ly, From Lemma 2, -a.+b + 2¢ <n +l / 
Therefore all possible sets (a,b,c) such that 
at+b+2c=m' +1 are determined. Each of these sets 
(a,b,c) represents all sets K(a',b',c") such that 
a <a, b' (xb , and “c= ¢ [vand is icaltec a) class. 

' 

Thus, every possible value of n such that N= 2” n 
is unitary perfect is represented in these classes. 
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Table Twi Information, on Divisibility iby 3..0f . (1 + p) 
for all Primes »ip.|isuch that pic 200. sand .ps= 1 (mod 4) 


Prime (L-F op) = sD (mods 3), <7 
5 yes 
L3 no 
L? yes 
29 yes 
37 no 
41 yes 
Bye: yes 
61 no 
73 no 
89 yes 
97 no 
smene yes 
109 no 
113 yes 
137 yes 
149 yes 
A ee no 
A ergs yes 
181 no 
£93 no 


fable P12) somerPropertiesfoltrall, Primes*p 


such that _p < 420 and _p = 3 (mod 4) 

Prime (1 + p) = 0 (mod 3) ? i> 27{| (1 + p) 
3 no Z 
7 no 3 
11 yes Z 
19 no 2 
Zo yes 5 
af no ‘ 5 
43 no 2 
47 yes 4 
SM) yes Z 
67 no 2 
71 yes 3 
79 no 4 
83 yes 2 
103 no 3 
107 yes 2 
2, no 7 
131 yes Z 
159 no Z 
LSE no 3 
163 no 2 
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Table II. Continued 


Prime Cle yp) .=s OF (modi) a2 i 3 Albina + p) 
167 yes 3 
79 yes 2 
LOL yes 6 
199 no 3 
ABE no 2 
223 no 5 
Zea yes 2 
239 yes 4 
251 yes 2 
263 yes 3 
O71 no 4 
283 no 2 
307 | no é 
311 yes 3 
331 no % 
347 yes c 
359 yes 3 
367 no : 
379 no ‘ 
383 yes i 
419 yes z 
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From QA) it is knownethat °C + 2™" yn : 
Therefore (1+ gm'y is calculated, and depending on its 
prime factorization, some of the above classes may be eli- 
minated from consideration. For example if 5 divides 
(1 + gm") then all classes with a= 0 may be eliminated. 
If m' is odd then 3|n by Lemma 3 and therefore all 
classes such that b+c= 0 can also be eliminated. 

Using Tables I and II, Lemmas 5 and 6, and the fact 
tiae Cl oe 2m") | y , the number n is determined such that 
n gives the maximum value of o*(n)/n for all possible 
n in each of the remaining classes. This number is listed 
next to its corresponding class. The classes are numbered 
and nj refers to the Runber n that has been determined 
to give the maximum value of o%*(n)/n under the above 
conditions for class j . 

Using Lemmas 5 and 7 the direction of the <* 
relationship of Definition 1 of this chapter is determined 
for various pairs of the te "s . In the following proofs 
the <* symbol which is on the same line as and immediately 


precedes a number, Nj > refers to the <* relationship 


between nj 


By direct computation and by use of (2.3) it 


and Nj-1 7 


is then determined which of the nj satisfy the 


following. 
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ee ot(n)/n, < eee hGss eh 


Assume equality holds in (3.1) for a a DY aliGe 2) 
N = a, is unitary perfect. Since is the number 
n that gives the maximum value of o*(n)/n for all possible 
n inclass j there are no other numbers n in class j 
such that N = mes is unitary perfect. Assume (3.1) 
holds with the inequality sign for te . Then N= 2 i 
is not unitary perfect and as before there will be no 
numbers, 0 ., in*class'  j «such that Nr= 2 neds 
unitary perfect. 
Therefore only the classes j such that 
o*(n, )/n, > a yal ren 5 . if any, are left to be con- 
sidered in determining any unitary perfect numbers N=2 n., 
Step 2 varies depending on the particular proof 
under consideration. However, in many cases the following 
is done next... For class j , say, Be is modified by 
assuming that for all n inclass j , 34n - the resulting 
number is called ag : ae is modified again by assuming 
thae-tor all n° -in‘class j.; 5Hyn to obtain a new number, 
JE Again the direction of the <* relationship between 
various pairs of the ns 3 "s and the as "s is deter- 
mined. It can then be determined for which of the = Alege 


3||n, and/or 5|| 9, ee 511 + fy consider the classes for 
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equation (2.1) which is a contradiction since 3 is a unitary 
divisor of the right hand side of the equation. Therefore, 
these classes can be eliminated from consideration. 

Other methods that are used are considered indivi- 
dually in the following proofs. 


When determining if there are any unitary perfect 


a a a 


numbers N= 2™n with n= a 1 p ae ae p and © = x 


2 16 


the above method is modified. 
Step 1 is to determine all-possible sets (a,b,c) 
such that ‘a+ b +c = r' ..- As before, each set (a,b,c) 
is called a class. However, in these parts of the proof, 
a class represents only those numbers in the set K(a,b,c) 
and not those numbers in the sets K(a',b',c') # K(a,b,c) , 
aya to <b, and) c <ac™ 
By Lemnas 271 f" "c= "0" then 7a heb emi. ke. 
For the proofs of these parts of the theorem (a + b) 
will always be less than or equal to 6. Any previously 
proved parts of the theorem may be used and therefore 
all classes with c= 0 will have already been investigated. 
As before, using Tables I and. II and Lemmas 5 and 6 
the number n giving the maximum value of o*(n)/n is 
determined for each of the remaining classes. The numbers 
are listed on the same line as their corresponding class, 


the classes are numbered, and a is used to refer to 


ee Uk 
eS ‘ i 


eeEd ten.’ Gk € sol cette ti 
celeteet col ters er ae: outs: Bhi! ae 4 
aotkenibieane na ‘agthealt ot. be 

-iviba) palsies aban Sit seks re 
marie we Mitkas ona 

Joulraa ganar Vas. u'ts a 1k. watt dey rw ae 
‘a= ‘bres * ae . eae his a 
“Abe H Reha Pb 


\ ay “J 
fo, d.2£)\ ° dine Shd/arag ‘ne $n) rssh (64 RE, 


y a 
(2.0.0) (196 dogo sated eA 1 SR S's + fe be 


eanotg 92. 20 a0 Tey seit) qi ae an 
i 
ts Aijahd. oad say nb egodites wands a 


pKa C maar a ale: i de 


iv 


“2 eh ei an " 


(ites oes eh Peo 
Ad 8) mmtiaiit ade Rnvarten adit! | 
eianobras¢ (Hh 803 Migo'96- ys alli. 
: saosadt bry Beige!" ym lett itd Sa a 
alsmatsiovien nit: ahaa abiey 214 — press: 
seinlis "915 rains. a 
ad alias a0, wit: anafsing! ats 
x ovpdeis att swe no a i 
a eh aren ipes eaerinnae 
Asian me . 


- 


Zo 


the number corresponding to class j. 
Using Lemmas 5 and 7 the direction of the <%* 
relationship is then determined between various pairs of 
the a - The <* symbol on the same line as and immediately 
preceding we refers to the <* relationship between ue 
and Zoe : 
By, dizect; computation, and. by,use of .(@2.3) it 


is then determined which of the ny Sabistyss (342). 


(3-2) o*(n,)/n, < 2k+17(1 + 2k) 


where k is any integer less than or equal to one plus 

the maximum value, m' , for which the existence of unitary 
perfect numbers with m= m' has been investigated. 

Assume equality holds in (3.2) for ny - BY nG2a2)) 

N = ok nj is unitary perfect. Since nj gives the maximum 


valnueroL moe (a) stor all vn bin. ckacs. 4 Jit there are 


any other numbers n in class j_ such that 
(3-3) o*(n)/n = 2K+1/(1 + 2k) 


k defined as above, they will have been determined in 
previous proofs. Similarly if inequality holds in (3.2) 
for n. , any numbers n incclass j for which (3.3) 
holds will have been determined in previous proofs. There- 


fore the classes for which (3.2) holds can then be 
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eliminated from consideration. 

Step 2. For those classes fj sebiwanyy, weorawhich 
an(n)ing > hanya + 2k) for k equal to one plus the 
maximum value, m' , for which the existence of unitary 
perfect numbers with m=m!' has been investigated, 

Be 3 and os are determined as described on page 23. 

The method of proof then varies depending on which part of 

the theorem is being proved. In most instances, however, 

gt-is then determined for which values of j , 3|[ a, and 

|| n, Using olables land 1k. a for these classes is 

then modified taking into consideration the fact that since 
3||n, and || n, no other prime power, p” , such that 

3/1 + p*) is a unitary divisor of ny . Then, for these 
modified values of ae it is determined for which values 

of j , (3.2) is satisfied. This may eliminate more classes. 

For those classes which still remain to be considered 
different methods are used which are discussed individually 
in the following proofs. 

In the following, unless otherwise specified, n 
represents the numbers that satisfy the equation N = hen 
with the restrictions implied by the particular proof under 
consideration. At any point in the following proofs, the 


number, n ,inclass j giving the maximum value of 


o*(n)/n for all n , defined as above, in class j is 
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represented by ae xe represents a similar value for 


all numbers in subclass j . Me represents a similar 

value for all numbers in K(a,b,c) where a, b, andc 

are the three numbers associated with class j . . i 
> 


represents the number that is determined in the same manner 


as ae with the additional assumption that ilyvn forall 


feeneclass F< 
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Individual Proofs for Various Values of m and r 


Proot of theerem ifpart Cy). lererisel then 


DEED OL. 


r is odd which implies that 3|n » wherefore 2b +c F520). 


Class a b G nj 
a 0 0 al 5 
2 Ont V0, “*e734 


ea, = 27/3 . Therefore N = 2°3% is unitary perfect 
with m= 1. By Lemma 5 any other number n in class 

1 or 2 will give a value of o*(n)/n which is less than 
22/3 and therefore by Lemma 1 not equal to gmtl) (7 52") 
Be any positive integer m. Thus, 6 is the only unitary 


perfect number with r=l1l. 


Proof of Theorem 1 part (2). If m= 1 , then 


N = 6 or 90. 


step 1. 
i+ 2 = 3. which implies that b+c¢c70. 
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Claseatad)  b.-sse nj 
1 0 0 Ab 3 
2 Ober ame ts 3¢ 72 
3 L ik 6) Kk 532 


For class 1, r = 1 and therefore N= 6 is the only unitary 
perfect number with n in class l. lea ak = /3 
Therefore N = 2°3%*5 = 90 is the only other unitary perfect 


number with m=1. 


BLOOD Or pineorem, Jepare. (3) sen bh lier? oe Chen 


Step l. 


1+ 22 = 5 which implies that a#0. 


Class a b C nj 
1 sare 5°3 
Z Ta sO 5°3%+72 
3 2. He 0 oexe51 3337 
4 55 SOMO). eee hse? 


ox(n )/n < 23/5. Therefore there are no unitary perfect 
3 3 

numbers with m= 2 and n inclasses 2, 3, or 4. 

ox(n )/n = 23/5. Therefore N = 2%*3*5 = 60 is the 
1 l 


only unitary perfect number with m= 2 and with n 


in class 1. 
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Proofyol Theorem 1 part (4), If xr = 2-, then 
N = 60 or 90. 


ifenc = 0 Chem m =o...) Therefore SN ="90. is ‘the only 


unitary perfect number with r= 2 such that c=0. 


Class ay) +b fe nj 
1 ORM =0 5 ez, Oey. 
2 On lel sana 
3 ees PLL <* 5°3 


As shown above N = 60 is the only unitary perfect number 
Sucosthat ni ts in class’ 3. ae ie . Therefore any other 
number n ‘in class°1, 2, or 3 will give ‘a value of 

o*(n)/n which is less than 23/5. Therefore m=1 for 
any other possible unitary perfect numbers with r = 2 

Since all unitary perfect numbers with m= 1 are known, 


60 and 90 are the only unitary perfect numbers with r=2. 


Proof of Theorem 1 part (5). It is not possible 


1+ 23 = 32 which implies that b+c#0. 
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Class a b c nj 
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o*(n;)/nj <92*/9. tor j = 1, 3, and 8. Therefore there 


are no unitary perfect numbers with m=3. 


Proot of Theorem 1 part °©)* itiis not) possible 


Step l. 
1+ 2% = 17 which implies that a#0. 


Class a b c nj 
1 ne 20a) 2 17+ 3°7 
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o*(n;)/nj < 2°/17 for j = 1, 4, and 8. Therefore there 


are no unitary perfect numbers with m=4. 


Proof of Theorem I “part (5). it is mot ipossible 


step lL. 


1 + 25 = 3°11 which implies that bt+tc>2. 
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o*(n;)/n; < 26/33 for j =1, 4, 8, and 13. Therefore 


there are no unitary perfect numbers with m=5. 


Proof of Theorem Ixpart 1(5). » jit jis not spossible 


Step.l. 


1 + 27 = 3°43 which implies that b + eie>j 72°55 
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and. (8,5). Therefore 3 IIn, and 5[In, for the remaining 
classes j which is a contradiction since 3|(1 + 27) A 


Therefore there are no unitary perfect numbers with m=7. 


Proof Of Theorem, 1 part (6). It is not possible 


If c= 0 then m=2.. Therefore there are no unitary 


perfect numbers with r= 3 such that c=0. 


Class rn 3) € nj 
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2 0 1 2 *> 367-112 
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4 0 2 1 = ¥*> 3+72+112 
3) il if ay 503-72 
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n, <* n, *> n. ; o*(n)/n, < 26/33 . Therefore there 


are no unitary perfect numbers with r=3. 
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Proof of Theorem 1 part (oot PUtPtsrnot possible 


If c= 0 then m=4. Therefore there are no unitary 


perfect numbers mith r= 5 such that ¢ =0 . 
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all classes except 3, 5, 6, and 10 can be eliminated from 


consideration. 
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step 3. 


Classes 6 and 10 remain to be considered. 


n = 5¢13+°3°19-31 
6 97 
*> n = 5°13°37*3*19 
HO. 7 
n = 5s oo see 
6,13 
a> n = 5¢37* 61+ 3°7 
Oss 
n <* n eek. Gs) )/n < 29/257 . Therefore 
6,7 6,13 Swosle Galo 
eo fy and 13 are all unitary divisors, of =x and n : 
6 10 


Since 7 I>, , so = 7% Se 2 ts7in class 10. 
It is known that there are no unitary perfect numbers with 
m= 7. Therefore, class 10 can be eliminated, 
By Lemma 4 part (a.) the other unitary divisor, » , 
Or Be must be > 64, and since 3 [fo and 5[fn SG sre 
known that (1 + p“*) . Using Table II consider various 
possible values of p®. 
If p* = 67: then m= 8 which implies that 
257|n | which is impossible. 
If p* = 79 then m= 10 which implies that 
52|n which is a contradiction. 
Lets ip*:=:103.. Then o*(n )/n < 29/257 . Thus, there 


are no unitary perfect numbers with r=5. 
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Proof of Theorem iepart (7)... Tf) om ="65 o- then 
N = 87360. 


Steprl. 


1+ 2° = 5°13 which implies that a>2. 
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J J 1 1 
Therefore all classes except 1 and 2 can be eliminated from 


consideration. 
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Step 2. 


It has already been proved that there are no unitary perfect 
numbers with r= 5 . Therefore only the following subclasses 


of classes 1 and 2 remain to be considered. 


Subclass vayoubre ic: k, 
1 in 1 Z 
Z Z 0 Z RNAS BIS Ry 
s 2 is 1 
4 3 0 L 


These four subclasses include all possible sets K(a',b',c') 
such that a) 22 b> = 1 yand =e) <2, not all equal 
andusuch that. a" = 35 b\'en0ss) andy ic (=. 28 “enetaboth 
equal. Subclass 1 was eliminated with class 4, subclass 3 
with class 9, and subclass 4, with class ll. 

oF (Kk )/k, = 27/65 . Therefore N = 2551337 = 87360 


is the only unitary perfect number with m=6. 


Proof -of «Eheorem 1] mpart <@)e). If r= 4 , then 
N = 87360. 


If c= 0 then m=3.. Therefore there are no unitary 


perfect numbers with r= 4 such that c=0. 
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3 such that N= 2"n is unitary perfect. Therefore, 


87360 is the only unitary perfect number with r=4. 


Proof of Theorem 1 part (9)... It is not possible 


Step 1. 
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perfect numbers with r <5 are known and, therefore, 


class (0,1,4) can be eliminated from consideration. 
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Classes 3, 7, and 8 remain to be considered. 


Classes 7 and 8: 


Consider only those numbers M in the sets K(4,1,2) and 
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3, 5. 7,°and 13 are unitary divisors: for all k esuch 
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3h (1 + p*) since 3 |x, and 5 [I , . Using these facts 


and Table I consider possible values for p® . 
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classes 7 and 8 can be eliminated. 


Class 3: 

All unitary perfect numbers with r< 6 are known. There- 
fore only the numbers M in K(3,0,3) must be considered. 
Since m= 8, 7H » and any prime p , such that 

p = 3 (mod 4) and 2° | (1. +p) does not divide M. 


Using this fact and Table II let 
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Thus, there are no unitary perfect numbers with m= 8. 


Proof of Theorem 1 part (9). It is not possible 
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Lent 7| n, then m= 14 which implies that 
29|n, and 113|n, which is impossible. 
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n = 129° 37° 3° S143 
6,13,19 


o*(n <; 2°" 71025). © Therefore 13||n, or 


)/n 
Odo a1 OieeG. 13319 
19|| n . 13 and 19 cannot both be unitary divisors of a 

6 


because then o*(n ae ><2) by (223) 4. > Assume 19|| 0, A 
6 


Then 13}{n . bee 
6 


ne = 5+37°3*7*19+p” 
TE p- = 31 then m= 13 which implies that 
32|n ' , a contradiction. 
If p* = 43 then m= 10 which is impossible. 
If p* = 67 then m= 10 which is impossible. 
If p*=79 then m= 12 which implies that 


17,|n + heyand 241|n ' which is impossible. 
6 6 


: t i _ 
r 1) 
ro" 


rs 
ayiett ni Me rey 
fig el | F 
Pe 
* ‘ 
_ . 4 nee 
a) j willy 
j I ih} 
; 
~~! ‘ L 4 G 
' 
i 
: , 
ne i 
\ 
§ { Ts < iA u 
4 g 
' 
? 
. , VF 
A - * 
a 
; ‘| 
( * j a> Ss ty y& 2d) 
a. 7. 
: his P 
we \ ia 
7 » 4 Le 
i 
4 4 » % 
‘ 
cee i\ ‘ ce * % de. 
j v | 
. ‘ aid ; ane . Ae Ta ve 
” “ ~ -f Ts ay Late e L21> Ti” Of 4 it re 
7 = . : 
2 ; : : a } ; 
7 > a met : i! = 14 


eM ta: yi bik fs he Mie 


ot Hod ole: 
% Ti ‘ i 
7 


eeni Seite i espe 


Bet ip \=h1030.5'THen o¥(n ')/n tte 2) 1/1025 Thenerore 
6 
13]] n, and 19}’n . Now let 
6 


07 a 
Devs ksis Bex’ 1 2. 
6 ese 


By Lemma 4 part (a) p, #640, iooeleandt2e> 

If p = 67 then yale which is impossible. 
Let p = 79 . In order for SO ne to be less than 
2 it is necessary for p,? to be greater than 341. 

ie p,? = 367 then 2 which is impossible. 

a 
If Be 2 = 379 then m ='13° and acs yva 
contradiction. 


a 
Let p = 419 . Then o¥(n )/n < 212/2049 . If me=11 
2 6 (x6 . 

then 32|n which is a contradiction. Therefore P 1479. 
Thus, according to Table II, the lowest possible value of 

a 1 
pel 46°103°3 If “pe? t=-103)2thent intorder® for eG We, 

1 1 4 


to be less than 2 it is necessary for ES 2 to be greater 


Q Qa 
than 170. - Let a 1 = 103 and P 2= 199. Then 


o*(n )/n < 212/2049 . As before m cannot equal ll. 
6 6 


a Qa a 
Thas,. p¥ 244 103 G®tet P igeyl27- 7°46 P, 2 = 139 then 
1 


ox(n )/n < 2412/2049 . Therefore class 6 can be eliminated. 
6 


Thus, there are no unitary perfect numbers with r = 


eiiraneen’ at 1vidw peng ne 8 an te : fi 
rads deuf ad os ait, aM oa whe Pit | 7 
(PRE! aretia oa Spm . ae eid 8 
erateacqmt Ar slapiw Pies arortd aad 


: 
ve 


a. Ban Bie ay. wed only “a - i 


¥ Ti 
2 ‘a 2 ay ADE o,! 7 

i Staley is ' 

mil Jee al... BAOBYFIS*s ANG Be ait» 


5 OY dg C. 4, eso asa heiabaids & at 


rarer stdiasog dewalt 1 eae 
oe nee. we sabio ot apt BOE S i 


cea a 4 ik ae 
8 ane eect #4 ugk na gh ae 


ie 


st baum eae Wee ne 


= 


Cars 


sep 1. 


62 


Proof of Theorem , 


1 + 2! = 3-683 which implies that b+te>2. All 


unitary perfect numbers with r <6 are known. Therefore 


class (0,0,6) 


Class 
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can be eliminated from consideration. 
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3°7°11°19°23*312°6832 


5 *3°7°11°19°23 6832 
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3°7°11°19*237+317 +437 +6832 
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5°13 °3°7*11 29192-23231 2-432-6832 
5°13°17°3*79112+192+232+ 312-6832 
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5°13°17*29+37*3+7720112+192+232 +6832 

5 ©13+17*29+37+41+ 3+ 7201129192 +6832 
5©13°17*°29*°37*41+53+*3°7%+117 +6832 
5°13°17°29*37*41°53*61+3°77+6834 
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ee /2049 Therefore 3 and 5 are unitary 
divisors of n, for j = 30-34 which is a contradiction 
since 3/ a =" gil, . Thus classes 30-34 can be eliminated. 
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20,3 
<* a 5*13°17* 29° 37° 7* 11° 32° 192+ 6832 
<* n = 5°13°17°29°37°41°7*11° 37 °6832 
223 
x> n = 5°13°17°29*37°41°53°7°683° 32 
2353 
*> on = 5°13°17°29°37°41*53°61° 33+683 
24,3 
1$s8 13°17°5%* 3° 7911291926232 312-6832 
50 
<* n = 13°17°57+29+ 3+ 7*+112+192+ 232-6832 
20,5 
<* n Vie 13°17*°52* 29+ 37* 3° 7*112° 192+ 6832 
Di e§ 
<* y = 13°17°52*°29*37°41° 3° 7° 112+ 6832 
VEE 
<* y = 13°17° 52+ 29° 37° 41+ 53° 3° 7* 6832 
2255 
a> = 13°17° 52+ 29+ 37° 41+ 53+ 61+ 3° 683 
24,5 


Os (a wR a <2 ey 2040s for 14 it = (2255) (2425) a eos 
shoekyetea pee 


anid (2303) « wmot(iy 12) yin wae pe 412040 tor yea =923,5) 
; ise se 


and (21,3). Therefore 3 is a unitary divisor of n, for 


j = 10,,.20, 23,. and) 245 and, 5, A4ssayunitary divisor of n, 


for j = 19-22 and 24. Thus classes 19, 20, and 24 can be 


eliminated. 
n = 5* 7+ lle 19> 32+ 232+ 312+432+ 6832 
10m 3 
<* n = 5°13°7+11+19+ 32+232+ 312+ 6832 
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<* n = 5°13°17°7911°19 °37+232+63832 
2858 
<*_ = 5°13°17°29+7*11°19 32-6832 
NSS 5.3} 
*> on = 5°13°17°29°37+7+11 °683°32 
i Pee 
*> = 5°13°17°29°37+41+33+7 +683 
IRS) 8) 
n = 13°3*7+11°197+23%+312+432-6832 
LO os 
<* n = 13°17°3°7°11°192 237+ 312 +6832 
SSS 
<* n = 13°17°57+3°7°11°192+232+63832 
WSS 
<k n = 13°17°52+29+3+7 11192 +6832 
Bho i's 
<* n = 13°17°52+29*37+3*7°11°6832 
14 55 
*> on = 13°17°57+29+37°41*3°7 +683 
575 
oD: a» Se hy 
5 ,4/95,4 2*2*270049) REOr «4.5 U=e Chee) 5815.5) CLL) 
(15,3). oF, 4)/n, 5 > 212/2049 for j,i = (13,5), 


3), and (14,3). Therefore 3 is a unitary divisor of 
for “ja= 10;e11, sandy l5(eand™S+icta unitary“divisor of 


102 a1 2s “ands V5.) sihus classes 071 wondel > 


fore. 


be eliminated. 


= 5°7°11°19* 23° 32° 317° 683° 


“4 a 
53.3 

De nn Co i oy Gn bin yk ic ra} 
6 ,3 

<*n = 5613017*7°11°19* 683+ 32 
753 

ey on = 5013017+29+33-7-11+683 
ae 

n =] 3630721261992 32< 312-6832 

545 

<* n = 13617+3+7011+19*232+6832 
6 45 

<*n = 13+617-52+3*7+11°19+683% 
a5 

ky on = 13017+52-29+3+7+11*683 
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Gx(n gw) /n a*< 2>°/2049° for 4.4 = (5,5) and (743)% 
Bat dS t 


9 


25 Clase) oni 21272049 for j,i = (6,5) and (8,5). 


Joi J> 
Therefore 3 is a unitary divisor of a EOL iy Ko Woe O yrs 
and 8, and 5 is a unitary divisor of n . Thus class 5 


can be eliminated. 


n = 5*7°11°19°23°683°32 
253 

*> Beals 5°13°33*7°11°19°683 

n = 13°3°7°11°19*23°6832 
25 

<k Bed 13°17°3*7°11°19*°683 


Note that 5°23°3% <* 13°17°3 . Therefore n <* n A 
253 3,5 


o*(n )/n < 2127/2049 . Therefore 3 and 5 are unitary 
ze) r) ; 


divisors of n and n . Thus classes 2 and 3 can be eliminated. 
3} 


Classes 6-8, 12-14, and 21-23 remain to be considered. 


step 3. 


Classes 12, 31, .6and: 22; 
It is known that 5 is a unitary divisor of or for? “j= 


17), and 22. therefore, since 3) (1 + 211) , Bln ; 


Assume 32thn and let 


5 013°17*7011919+ 34+232 +6832 


nh = 
125.9 
n = 5013+17°29°37°7e1le 34019266832 
21S 
<* n w 50 P3el7+29¢37*41+7+1ls3%-683- 
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o*(n, 4)/n; 5 612) 4/2049 5 far sj dt aC 9) and (22-9). 


Therefore ¥ in, . Using this fact modify the n. 's and let 
J 


5* 13+ 37+ 7°19 31+ 37° 112+ 6832 


n = 
12 
nb = 5°13 3761+ 73+ 7° 19+ 32° 112+ 6832 
<% a = 5°13: 37* 61+ 73°97 7*19* 32+ 6832 


o*(n,) fn 2312/2049. “for 4 = 12 and 22. 


Therefore classes 12, 21, and 22 can be eliminated. 


Classes. 6,../,..8,, and 23; 

le is known that 3.is a unitary divisor of zn for 

j = 6, 7, 8, and 23. Therefore there can be no unitary 
divrsoue. (Dt ,..0L n, such that 3|(1 + p“) . Using 


this fact modify the n, "s and let 


13°37 +3+7+19+31+117 +6832 


Tn = 
6 
<* n = 13+37-61-3+-7+19+31-6832 
7 
k>n = 13+37-61-73+3+7+19+6832 
8 
n = 13+37+61+73-97+109+-157+3+7 «6832 
23 


o*(n;)/n; < 212/2049 for, }.= 7 ,and 23... Therefore classes 


6, 7, 8, and 23 can be eliminated. 


Classes 13 and 14: 


If M represents only those numbers in K(4,2,3) -and-in 
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5 °13+17+29+3+11+19+72-6832 


= 
li 


A 
+ 

<< 
It 


5 °13°17+29°37+3°11°19 +6832 


5*13*17*29°11°19*23+ 326832 


4 
i] 


5°13°17*29°37*11°19*683+ 32 


* 

Vv 

<4 
i] 


13°17°57+29*3+11°19*72°6832 


4 
It 


<* M 13°17*57*29+37*3*11°19*6832 
14,5 
Note that 5°23+32 <* 3+52-37 , Therefore M <* M 
L243 145 
o*(M )/M < 212/2049 . Therefore 3 and 5 are 
ea gees 


unitary divisors of M and M - Thus all numbers in 
ie 14 


K(452,3) “and in K(5;1,3) canbe eliminated. 


Consider the following subclasses. 


Subclass a’ b’ c! k 


j 
1 By ee 
2 Lo ee 3 5 °13*17°29°3°7°11°683 
3 Ga, 2 
4 SouiOuis 
5 Se Ree) 


These five subclasses include all sets of values of 

aun vb sande — §suchethaty ca) v.44. Oe see uane cers 
Noteald. equal and such that la, <95550 so eandec, So. 
not all equal. Subclass 1 was eliminated with class 12, 
subclass 3 with class 20, subclass 4 with class 15, and 


subclass 5 with class 21. Only subclass 2 is left to be 
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considered. Let 
Kk, er 5°13°17°29°7°11°683°32 


BEARS Hs : < 2!2/2049 . Therefore 3 is a unitary divisor 


of SS ; “Using this’ fact modify k and let 
Z 


k 13°57*37°61°3°7°19°6832 


2 
ox(k )/k < 2142/2049 . Therefore classes 13 and 14 can be 
2. Zz 


eliminated. Thus, there are no unitary perfect numbers 


with m= 11. 
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